A new formula for the energy functionals Ek and its applications 



Haozhao Li 
February 2, 2008 

Abstract 

We give a new formula for the energy functionals Ek defined by Chen-Tian [5], and 
discuss the relations between these functionals. We also apply our formula to give a new 
proof of the fact that the holomorphic invariants corresponding to the Ek functionals are 
equal to the Futaki invariant. 

1 Introduction 

In [5], a series of energy functionals Ek:{k = 0, 1, • • • ,n) were introduced by X.X. Chen and G. 
Tian which were used to prove the convergence of the Kahler Ricci flow under some curvature 
assumptions. The first energy functional £"0 of this series is exactly the X-energy introduced 
by Mabuchi in [12], which can be defined for any Kahler potential ip{t) on a Kahler manifold 
(M, iv) as follows: 

d , , If dip 



Here R^p is the scalar curvature with respect to the Kahler metric uJ^p = oj + \/—lddif, r = 

^'^^''^[4'^^ average of i?^ and V = [ui]^ is the volume. 

It is well-known that the behavior of the ET-energy plays a central role on the existence of 
Kahler-Einstein metrics and constant scalar curvature metrics. In [Ij, Bando-Mabuchi proved 
that the i^T-energy is bounded from below on a Kahler-Einstein manifold with ci(M) > 0. It 
has been shown by G. Tian in [I6][T7] that M admits a Kahler-Einstein metric if and only if 
the X-energy is proper. Recently, Chen-Tian in extended these results to extremal Kahler 
metrics, and Cao-Tian-Zhu in p]|18j proved similar results on Kahler Ricci solitons. So a natural 
question is how the energy functionals E). are related to these extremal metrics. 

Following a question posed by Chen in [3J, Song-Weinkove recently proved in that the 
energy functionals Ej. have a lower bound on the space of Kahler metrics with nonnegative Ricci 
curvature for Kahler-Einstein manifolds. Moreover, they also showed that modulo holomorphic 
vector fields, Ei is proper if and only if there exists a Kahler-Einstein metric. Shortly after- 
wards, N. Pali [13] gave a formula between Ei and the K-eneigy Eq, which implies Ei has a 
lower bound if the i^-energy is bounded from below. Tosatti [19j proved under some curvature 
assumptions, the critical point of E/. is a Kahler-Einstein metric. Pali's theorem says that the 
functional Ei is always bigger than the i^-energy. However, we proved that the converse is also 
true in [3]. Following suggestion of X. X. Chen, we set out to investigate the relations between 
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these energy functionals for the general case; in particular, the relations about lower bounds of 
these functionals. 

Now we state our results. Let M be an n-dimensional compact Kahler manifold with 
ci(M) > 0, and w be a fixed Kahler metric in the Kahler class 2ttci{M). Write 

V{M,uj) = {ipe C°°(M,]R) \uj^ = uj + ^f^ddip > on M}. 

For any A; = 0, 1, • • • , n, we define the functional ^{tp) on V{M, uj) by 

k , ^ fc 



Here /i^ is the Ricci potential defined by 

Ric^ -oj = V^ddhu,, and / (e''" - = 0. 
Let (p{t){t S [0, 1]) be a path from to 99 in V{M,u;), we define 

''•'^^^^ V Jo Jm dt ^ ^(*) ^ ^(*) 

Then the functional E^^i^ is defined as follows 

Ek,u,{ip) = ElM - Jk,M- 

For simplicity, we will often drop the subscript uj and write E/. instead of Ek^i^{Lp). The main 
result of this paper is the following 

Theorem 1.1. For any A; = 1, 2, • • • , n, we have 

E(-l)*(- + l)^^.-('^) = ^/^ <V^ddu)'^Au;-'^ + ^l^^ hU-^ddh^)'^AuJ^-\ 
where 

u = log-^ + ip-h^. 

Remark 1.2. Theorem \l.l\ generalizes Pali's formula in 113]. In fact, when k= 1,2, we have 
the following 



2E0-E1 = I V^duAduAuj^-^ + ci, 



AI 



3E0-3E1 + E2 = V^duAduAV^dduAuj^-'^ + C2, 

V Jm 



'AI 

where ci,C2 are two constants depending only on uj. 

Next we use Theorem II. II to get the lower bound of E^. 
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Theorem 1.3. For any positive integer k = 2, • • • ,n, and any Kahler metric oj^p satisfying 
RiCtp > —-^^jUJtp, we have 

Ekiip) > {k + l)Eo{ip) + Ck, 

where Ck is a constant defined by 

Remark 1.4. Theorem \1.3\ generalizes some of Song-Weinkove's results in fl^]. Since Eq is 
bounded from below on V{M,uj) on a Kdhler- Einstein manifold, from Theorem I j . 31 we obtain 
lower bounds on the functionals E^ under some weaker conditions. 

Remark 1.5. In 141, we proved that Ei is bounded from below if and only if Eq is bounded from 
below on V{M,uj). Using the same method, we also prove that Eq is bounded from below if and 
only if the F functional defined by Ding- Tian is bounded from below in 110]. We expect that 
the lower boundedness of these functionals are equivalent on V{M,u;) in J^. 

Finally, we will prove that all the Chen-Tian holomorphic invariants J-k defined by Ek are 
the Futaki invariant in the canonical Kahler class. 

Theorem 1.6. For all k = 0,1, ■■ ■ ,n, we have 

Tk{X,uj) = {k + l)TQ{X,uj). 

Remark 1.7. This result was first proved by C. Liu in ]1J^, and here we give a new proof by 
using our formula. However, these two methods are essentially the same. 
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Ding and X. H. Zhu for their constant support and advice. Thanks also go to Y. Rubinstein, V. 
Tosatti for pointing out some mistakes in Theorem 1 1.31 B. Wang , W. Y. He for carefully reading 
the draft, and the referees for numerous suggestions which helped to improve the presentation. 



2 A new formula on E]^ 

In this section, we will prove Theorem 1 1 . 1 1 and Corollary 12.31 
Proof of Theorem \l.l\ By the definition of ti, we have 



-Iddu 



-Ric^ + Lo^. 



Therefore, we have 



p=0 



p=0 



-Idduf A (lo^ 



-Idd^y-P) Aw" 
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By the definition of E? we have 



i=0 \ ' / 

^/,("-)(E(-r(::;)E(' 



-lddu)P A {u^ - V^ddipy~P) A uj[ 



n—i 



Now we have the following lemma: 

Lemma 2.1. For any two variables x,y and any integer k > 0, we have 
1. 



i=0 ^ ^ p=0 i=0 



2. 



1=0 

Proof. By direct calculation, we have 

k 



1=0 \ ' / p=o 



-X 



(2.2) 



(2.3) 



(X - y) E(-ir (l I !) E (1 - - 

p=0 ^ i=0 

p=0 ^ 

Then the equality (j2.2p holds. Similarly, we can prove the equality ()2.3p . 
Thus, the energy functionals E'^ satisfy the equality 



□ 



{u - ^){^-ldduf-' A {^-Idd^Y A 



n—k 



i=0 
1 

' ' ' ' ■■ k A , .n— fc 



+77/ Ki-V-lddK)" Aiv''-''. 



V 



(2.4) 



A/ 



Observe that for < z < /c — 1, 

(n - (^)(\/^aaM)'^-* A iV^dd^y a u;;^- 



M 



M 



u^/-l^^{u - (^) A (V-I59u)'''-*"^ A {^-Idd^y A 
n(^/^aan)'=-* A {^ddfY A w""^ 



Af 



u{^/^dduY-'-^ A (^a5(/j)^+i Awj 
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Thus, the equahty (|2.4p can be written as 

k 



V 



k A , .n—k 



+ 77 / K{-V-lddh^f Auj 



(2.5) 



M 



Next we calculate Jki^) via a linear path tip £ V{M,uj) for t G [0, 1]. By the definition of Jk 
we have 



i=0 



i + 1 



It is easy to check the following lemma: 

Lemma 2.2. Let Bi = —{n — — (1 — xy~^^), for any integer k > 1 we have 



1=0 \ ' / 



Thus, we have 



i=Q 
1 

V 



i + l 



JAI 

1 



fc+1 A , ,n^k^l ^ 



JM 



1 

V 



^A/ 



-(n - A;)t'=+V(^55v')''''' A w 
(A; + l)t''ip{^/^^^^p)^ A w^'^'^ A dt 

A (It 



^Jt'+MV^ddip)'Au;^-'' 



dt 



1 



V 



M 



Combining this with the equality p.5p . we have 
k 



M 



□ 



Next we will use Theorem 11.11 to prove the following corollary. 
Corollary 2.3. Let 



we have 
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1. For nonnegative integers p,k{0<p<k — 2<n — 2), we have 



i=p ^ ^■^ 1=0 ^ ' 



2. For any positive integer k = 1,2, ■ ■ ■ ,n, we have 



Ek-Et,_,-Eo = - u(^Ric';-u;^^)Au;;-'' + - h^[Ricl - lo^) Au^~\ (2.7) 



IM ^ ' ^ JM 

3. For any positive integer k = 1,2, ■ ■ ■ ,n, we have 



Ek = Y^ i-l)"-' + ^) + {k + l)Eo. (2.8) 

Proof. (1). We show this by induction on p. The corollary holds for p = 0. In fact, by Theorem 
1.11 we have 



k 

T.(-^y('tl)E^ = (2-9) 

= ^^-1- (2-10) 

Subtract (|2T0]) from i^M), we have 



I -E/i — Fh — -Ffc-i- 



We assume that the corollary holds for p, then 

i=p ^ ■'^ ^ j=0 ^ ^ i=l ^ ^ 

Subtract (I2T2I1 from (|2TT]) . we have 

E (-)•(::;:,>. - em)"C:>--E(-)-'C-:>'- 

= ^.+E (-!)■(('':') + 



The corollary holds for p + 1. Thus, the equality (j2.6p holds. 
(2) We can show the following formula by induction: 



Ek - Ek^, = (-1)'"* I . ) Ek-i + Eo. (2.13) 

In fact, by Theorem II. II the formula (j2.13p holds for k = 1. We assume the formula ()2.13p holds 
for some integer k < n — \, then by (1) we have 

Ek+i = 2Ek - Ek-i + ^ C") Fk+i-i. (2.14) 



Thus, we have 



Ek+i — Ek — E'fc — -Efc-i + ^ (-1)* ^ .j-^fc+i-i 

1=0 ^ ^ 1=0 ^ ^ 

Eo + jZ{-ir'~'{^^AE,^i-^- 



Then the formula (j2.13p holds for k + 1. 

On the other hand, by direct calculation we have 



j=0 



Then the equality ()2.7p holds. 

(3). We prove this result by induction on k. The corollary holds for k = \ obviously. We 
assume that it holds for integers less than /c, then by (1) we have 

k-l 



4—n \ * / 



i=0 

By induction, we have 

k-2 /,s k-l 



Ek-1 = Y (-1)'"^'' (!) Ek-i-i + kEo = Y (-1)'"' ( . ^ ^ Ek-^ + kEo, 

i=0 i=l ^ 
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and 

Ek^2 = E {-^f'^'H^ ~ + {k- l)E, = J2 (-l)'"'f^ro V^-i + - 1)^0. 

Then we have 



2 = 

Then the equahty (j2.8p holds. 



□ 



3 Applications of the new formula 

In this section, we wih prove Theorem 11.31 and II. 6i 



3.1 On the lower bound of Ek 

Proof of Theorem \1.3[ By the equahty (j2.8p of Corohary 12.31 we have 



i=0 

k-l 



k—1 

Jm i=o ^ * ^ 

where is a constant defined by p.ip . Observe that 

E + ^] (i?ic^ - u;^)^— 1 A u;; = ^ ii^ic^"^ A (3.15) 

1=0 ^ ^ i=l 

Then we need to check when (j3.15p is nonnegative. Obviously, this is true when Ric^ > 0, Here 
we want to get a better condition on Ricci curvature. If /c = 2, we need to assume Ric^^ > —2u;^. 
Now we assume fc > 3. Set 

P{x) = E ix'-^ = {x + ^)'-' + E °^(^ + ^)'"' 

i=l i=2 
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where are the constants defined by 



a 



1 pik-i)(^_ 



>0. 



{k-iy. ' k-r' 

By Lemma A.l in the appendix, Oj > 0. Then if Ridp > —-^n^ip} we have 

k k 
i=l 1=2 

Therefore, Ek>{k + l)Eo + c^. □ 
3.2 On the holomorphic invariants JF^ 

In this subsection, we will use the equality (j2.8p of Corollarv l2.3l to prove that all the holomorphic 
invariants defined in [5] are the Futaki invariant. This result was first obtained by Liu in 
Here we give a new proof by using our formula. 

Let X be a holomorphic vector field. Then by ci(M) > 0, we can decompose ix^ as 
ix^ = V~^d8x, where Ox is a potential function of X with respect to oj. 

Definition 3.1. (cf. ^) For any holomorphic vector field X, we define 

= {n-k) [ + / ({k + l)A9xRict A cu^-^ - (n - k)exRicl+^ A uj'^-''-^] . 

It was proved that J-}^ is a holomorphic invariant. When A: = 0, we have 

J^o{X,uj) = n[ 
Jm 

which is a multiple of the Futaki invariant. 

Proposition 3.2. (cf. J^) Let {^(t)}^^^^ be the one-parameter subgroup of automorphisms 
induced by Re{X). Then 

-^ = -ReiJ^,{X,u;)), 
where (ft are the Kdhler potentials of ^^uo, i.e.,^^uj = u + ^J —Iddipt- 



Now we can prove Theorem 11.61 
Proof of Theorem \1M By Corollary 12.31 W6 only need to show 

dEkjift) _ 
dt 

for all k, where (ft is the Kahler potential defined in the previous proposition. Differentiating 
uj^ = <I>j w = uj + y/^ddipt, we get 
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On the other hand, since Lx^j = \/—ldd9x, we have 

where c is a constant and Oxif) = + X{ip). By the definition of u, we have 

Ric^ — ojip = —^/—Iddu. 
Take the inner product on both sides, we have 

-Mx{v)-Ox{v) = -X{u). 
Here A is the Lapacian with respect to Lo^p. On the other hand 

^ = + ^ = Re{Mx{v) + Oxm + c = Re{X{u)) + c. 



Thus, 



d_ 

dt 



M 



Jm 5* ^ Jm dt ' 

+ / {n-k)u{sf^dduf AujI'''-^ 

= Re( j {k + l)X{u){^J^ddu)^ A a;^-'^ + (n - k)ex{^){^dduf+^ A uj"^-^-^ 

^ J M 

= Re( [ ixiduiV^ddu)'' Auj:1-' 
= 0. 

Thus, by the equahty (j2.8p in Coroharv 12.31 we have 

^ = E (-1)'-' (' t ') s^'-f"') + + = ^H»(^o(-^.-)). 

i=0 

By Proposition 13.21 the theorem is proved. □ 

A An elementary lemma 

In the proof of Theorem 11.31 we need to use the following lemma. 
Lemma A.l. Let m be a positive integer. Consider the polynomial 

P(x) = x"" + 2x™-^ + ■■■ + mx + (m + l), 

then for any i{0 < i < m), the i*^ derivative of the polynomial at the point x = is nonneg- 
ative. 
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Proof. The i derivative of the polynomial is 

m—i 

pW(x) = ^ {m-i + 1 -p){i+p){i+p- 1) • • • (p+ l)xP. 

p=0 

For simplicity, we define a{p, i) by 

a{p,i) = {i +p){i + p - 1) ■ ■ ■ {p + I). 

If m — i is even, then 



p(i) (x) = a{m - i, i)x^-' + ^ ({m-i + l-2p) a{2p, i)x'^P + {m-i- 2p)a{2p + 1, j . 

p=0 

(1.16) 

If m — i is odd, we write P*-*^ (x) as 



p»(x)= (^{m-i + l-2p) a{2p,i)x'^P + {m-i-2p)a{2p + l,i)x^P+''y (1.17) 

p=0 

Note that ^'^"^"^^"m) ~ ®° ^^'^ assume i < m — 2. Since the lemma is trivial for 
1 < m < 10, we assume m > 10. For simplicity, we define 

Ap{x) = {m-i + l- 2p) a{2p,i)x'^P + {m - i - 2p)a{2p + l,i)x^P'^^. 

Claim A.2. If 1 < p < ^^^^^=^, we have Ap{-^) > 0. 

Proof. We need to show 

(m — i + 1 — 2p) m{2p +1) ^ ^ 



m-i-2p 2{i + 2p+l) 

2 ' 



Since \ < p < ^ ^ , this is obvious because 



m(2p + 1) 3m 
^ ^ ^ > > 1. 



2{i + 2p+l) ~ 2m 

The claim is proved. □ 

By Claim El2l all the terms on the right hand side of (jl.l6p and (jl.l7p are positive except 
Ao{-^). Note that if < i < f , 

Aoi-—) = im-i){i + l)---2{- — ) + im-i + l)i{i-l)---l 

m m 

il 

= — (m — 2i){m — i — 1) 
m 

> 0. 

So it only remains to deal with the case i > y- Now, we consider the case < i < m — 5. The 
following claim shows that + + ^2 is positive at x = — — in this case. 
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Claim A.3. If\m<i<m-b, then {Aq + Ax+ ^2)(-^) > 0. 

Proof. In fact, 

^{Ao + A^+A2){--) 

= -^{m -i-4){i + + 4){i + 3){i + 2){i + l) + —{m-i- 3){i + 4){i + 3){i + 2){i + 1) 

-^(m - i - 2){i + 3)(i + 2)(i + 1) + ^(m - i - l)(i + 2)(i + 1) 
240 

— rn^^ ~ ^''^^ + + 120(m - i + 1). 

Observe that 
32 32 

^{m-i- 3){i + 4)(z + 3)(z + 2)(z + 1) > (m - z - 4)(z + 5)(z + 4)(i + 3)(z + 2)(z + 1), 
so we only need to show 

A := i|(m-i-3)(i + 4)(i + 3)(i + 2)(i + l)-i^(m-z-2)(i + 3)(i + 2)(i + l) 

240 240 

+^(m - i - l)(i + 2)(i + 1) (m - + 1) + 120(m - i + 1) > 0. 

m"' m 



Let 2/ = ^ G (0.5, 1] and e = i-. Then 



A 
8m 



6(1 - y + 2e)(y - e)(2/ - 2e)(y - 3e)(y - 4e) - 20(1 - y + 3e)(y - 2e)(y - 3e)(y - 4e) 
+30(1 - 2/ + 4e)(y - 3e)(y - 4e) - 30(1 -y + 5e){y- 4e) + 15(1 - y + 6e) 
= 288e^ + (1584 - 744y)e'^ + (720^^ - 2340y + 1920)e^ + (960 + 1270^^ - 330y^ - 1720y)e^ 
+(210 + 72y^ - my + 510?/^ - 300y^)€ + 15 - 45y - 50y^ + 60y^ + 26y'' - 6y^. 

We can check that all these coefficients of e are nonnegative for y G (0.5, 1], so ^4 > and the 
claim is proved. □ 

Remark A. 4. The sum of the last four terms {Aq + Ai){—-^) may be negative when y < i < 
m — 2. In fact, if i = and m is sufficiently large, then 

^(^o + ^i)(--) = -im-i-2){i + 3){i + 2){i + l)-^ + {m-i-l){i + 2){i + l)^ 

— (m — i){i + 1) h 6(m — i + 1) 

- -0.0912m < 0. 

Next we consider the case m — 4<i<m — 2. 
Claim A. 5. The lemma holds for m — 4<i<m — 2. 
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Proof. The proof is easy. If i = m — 4, then 

6 „(rry A\ , 2 , 48(m — 3) 36 , , , , 16 , 
p(m~4)^ ^ > 3Q ^ ^+ (^_2)(m-3) ^(m- l)(m-2)(m-3) 



m m m? 

48(m-3) 20, 

> 30 ^ ^ + ^m-2)m-3 

m 

2m2 + 44m + 120 
= 5 > 0. 



Similarly, we can prove that the lemma holds for i = m — 3,m — 2. □ 
By Claim [A?2]|A.51 the lemma is proved. 

□ 
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